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Terms used in Mathematical Logic

Axiom:  A statement or property which holds true in most areas of mathematics.  Euclid referred to these as “Common Notions”.  Examples include properties of equality, such as the rule of transitivity, which Euclid phrased as “things equal to the same thing are equal (to each other).”

Postulate:  A statement which is assumed to be true in a certain area of mathematics, and which may or may not hold true in other areas.  Postulates define the “rules of the game,” the basic assumptions upon which we build a particular mathematical theory.  Examples of geometric postulates include “Two points uniquely determine a line” and the Parallel Postulate.  The first statement is true in the plane, but it is false on the surface of the sphere.  The Parallel Postulate can be stated in more than one way, changing the structure of the geometry.  The basic point is that Different Geometries are Defined by Different Postulates.

Proposition:  Technically, any statement which has one of two values, True or False.  However, the term “proposition” is also used to refer to a theorem (see below).  Propositions may be thought of as the preliminary theory which follows from the axioms and postulates and are used to create more complicated theorems later.  Often a given sequence of propositions is used to demonstrate a particular theorem.  For example, in Euclid’s Elements Book I, Propositions 47 and 48 together make up the Pythagorean Theorem.
Theorem:  A propositional statement in conditional (“If – Then”) form, for which a proof is given or known.  Note: In mathematics and the physical sciences, we do not refer to a statement as a “theorem” unless we know it to be true.

Conjecture:  A statement given in the same form as a theorem, but for which a proof has yet to be obtained.  For example, the Twin Primes Conjecture states that there are infinitely many pairs of odd sequential prime numbers, such as 17 and 19, 41 and 43, 101 and 103, and so forth.  Everyone believes this to be true, and computers have verified it for very large numbers, but no one  yet has come up with an acceptable proof.

Proof:  A valid argument, either in the form of a hypothetical syllogism, a proof by contradiction, or a proof by induction, which demonstrates the truth of a given theorem.

Lemma:  A propositional statement, along with its proof, which is either too complicated or too specialized to be of much general interest.  The only reason for presenting a lemma is that it is to be used as part of a step in proving a theorem.  Thus, a lemma may be thought of as a “helping theorem”, which is what is done in German: theorem = satz, lemma = hilfsatz.

Scholium:  A simple propositional statement which immediately follows from a definition or postulate.  Often found written in the margins of manuscripts as scholarly footnotes.
Corollary:  A theorem for which the proof follows immediately from that of another theorem.
