MATH 3581
University of Memphis
College Geometry
Mathematical Sciences

Spring 2011
Dwiggins

Postulates of Euclidean Geometry


We have looked at Euclid’s axioms, or “common notions”, listed on page 233 of the text, in which the first axiom (the transitivity of equality) truly is a common notion (part of the definition of an equivalence relation), used almost everywhere except sometimes in the area of extremely abstract set theory.  The next two statements listed are properties of arithmetic, and hence apply to any science that uses numbers.  Thus, as the text points out, the first three of Euclid’s common notions truly are axiomatic, but this is not the case for the other two.

The fourth “axiom” is really a definition of congruence, used specifically in geometry and not in other areas of mathematics.  It also tries to include the notion of congruence as coincidence, in which the way to “prove” two figures are congruent is to “move” one on top of the other.  Since this motion exists only in the imaginations of the author and reader, it isn’t really very well-defined.  Finally, the fifth of Euclid’s “axioms” is not even a true statement if we consider sets with infinite elements, and it also fails to hold when considering infinitesimal limits in calculus.  

The fifth axiom holds only when considering geometric objects of positive measure, and so it properly belongs as part of the Postulate of Measure.  For our purposes, we shall take as our “common notions” the axioms of set theory and arithmetic, since we need the first for synthetic geometry and the second for analytic geometry.

The five “postulates” listed in Euclid’s Elements are found on page 232 of the textbook.  As the author notes, the first three are really the rules for compass and straightedge constructions, and again these really are part of the Postulate of Measure, as is the fourth postulate, that all right angles are equal, used to help define angular measure.  The fifth of Euclid’s postulates is a convoluted version of the Parallel Postulate (see Chapter Six).  Euclid avoided using it as long as he could, but in I.29 he finally needed it to keep going.  It is actually this postulate which separates Euclidean geometry from other non-Euclidean geometries, such as spherical geometry, in which there are no parallel lines, and so I.29 does not hold on the surface of a sphere.  However, since Euclid was careful to arrange his work as he did, Propositions I.1-28 hold not only in Euclidean geometry but in other geometries as well.

Most of what really should be used to define the postulates of Euclidean geometry is what Euclid referred to as his “preliminary definitions”.  However, he did not do such a good job with this part, with some statements redundant and some being very vague.  Moreover, he leaves out several important analytic assumptions, such as continuity and the fact that the set of real numbers is a partially ordered set.  Some of these objections were pointed out many centuries ago, as evident in the commentaries of Proclus.

Since that time, many people have tried creating their own lists of postulates to overcome the shortcomings of Euclid’s list.  Some end up listing way too many postulates, trying to make sure every aspect of the Postulate of Measure gets clearly laid out.  (Hilbert’s Axioms give an example of this.)  Others, such as Birkhoff, give a very short list of postulates by making them very complicated and packing in as much information as possible into each one.
When I began teaching calculus back in the 1980’s, I too approached the problem of coming up with an efficient yet complete method of describing Euclidean geometry.  I finally got my list down to five, the same number as Euclid gave, with the fifth being the Parallel Postulate, and my list is almost enough to define the sub-branch of Euclidean geometry known as affine geometry.  However, in order to include all the assumptions of continuity, betweenness, and absolute measure that Euclid left out, I needed to add one more final postulate to the list, the Postulate of Measure.
You will not find the following list in any textbook I know of, but I think it is a very good set of postulates, in that it catches the ideas that Euclid had in mind when he started writing his textbook, with all the modern complicated analytical assumptions following from a simple statement of the Postulate of Measure.  I challenge anyone to come up with a theorem in Euclidean geometry that does not completely follow from the following set of postulates.

Dwiggins’s List of the Euclidean Postulates

1.  Space is the set of all points.  
This would give a definition of “space” (i.e. the setting for our geometric structure) if we only knew what was meant by “points”.  Intuitively, geometric points mark position in space, but then we’d have to give a definition of position.  However, it doesn’t matter what points are, these are just the names we will give to the basic elements in our geometric space.  Also implicit in this definition is that space is non-empty, i.e. points exist.

2.  Two points uniquely determine a line.
This serves as the definition of “line”, in that a line is defined to be the unique object determined by two points in space.  We don’t really know what that object is, we just assume it exists and call it a line.  Note that the word “uniquely” is a crucial part of this postulate, since without it we would not be able to prove the following

Scholium.  If two different lines intersect then their intersection consists of a single point.

This is not true, for example, on the surface of a sphere, and so the “uniqueness” part of this postulate gives the assumption that lines are straight, not curved.

3.  Three points, not all on the same line, uniquely determine a plane.
As another exercise, we can show this statement is equivalent to each of the following:

Two lines intersecting at a single point uniquely determine a plane.

A line and a point not on the line uniquely determine a plane.

Note that in the first three postulates we have built up the notion of dimensionality.  We consider points as zero-dimensional (in Euclid’s words, they have not breadth, nor width, nor length), but two points taken together form a line, which is one-dimensional (it has length but no height or width), and then three points (or two lines, or a point and a line) are used to define the two-dimensional plane (length and width without height).  The next postulate dictates how planes relate to each other in three-dimensional space.

4.  If two planes intersect, their intersection is a line.
That is, if two planes have a non-empty intersection, it can’t consist of a single point.  This means planes must be flat and not curved.  Note also by stating this postulate this way it is analogous to the statement that if two lines intersect then their intersection is a point.  Thus, postulate four uses the idea of dimensionality in the previous postulates to show how going from zero to one to two dimensions can be extended to three dimensions, and once this extension process is set in place there is nothing preventing us from performing Euclidean geometry in four, five, or as many (even infinitely many!) dimensions as we want.
Now, this postulate is usually stated in a different, more complicated way:

If two points belong to a plane, then the line uniquely determined by those two points lies completely in the plane.

Since lines are assumed to be straight, this is another way to think of why planes are assumed to be flat.  In fact, I am sure this statement is logically equivalent to my stated postulate four, and I have a sketch of the proof in mind, but I’ve never really been able to write the proof in any neat fashion that is satisfactory.  Maybe one of y’all can help me with that.

Again, my first four postulates may be summarized as the existence of points, the definition of lines in terms of points, planes in terms of lines, how this extends to higher dimensions, and the assumptions that lines are straight and planes are flat.
In order to actually be able to do anything with this geometry, however, we need to be able to measure lengths, angles, area, volume, et cetera.  Also, as we learn after studying the history of geometry, we would not have Euclidean geometry without including the fifth and most important of Euclid’s postulates.

5.  The Parallel Postulate.
If ℓ is a line and P is a point not on ℓ, then there exists a unique line through P which is parallel to ℓ.

This is the best and shortest way to say this (it is certainly easier to understand than Euclid’s version), but it still leaves a lot unsaid.  First of all, given a line ℓ and a point P not on ℓ, there is a plane  uniquely determined which contains P and ℓ.  Second, it says of all the lines in  which go through P, there is exactly one line which is parallel to ℓ, i.e. lies in the same plane as ℓ but does not intersect ℓ.  Finally, there’s that “uniqueness” part again, this time joined with an “existence” condition.  Without the existence part, we would have no parallel lines, and we would be doing spherical geometry.  Without the uniqueness part, there would be infinitely many lines through P which are parallel to ℓ, and we would be doing hyperbolic geometry.  More on all of this later.

6.  The Postulate of Measure.
The simplest way to state this is that there exists a one-to-one correspondence between the set of real numbers and the set of points on a line.  Then, since R is continuous, so is a line, and since betweenness is well-defined on R it also is defined for a line.  We have absolute measure on R so we can define the length of a line segment.  We use two number lines to construct a plane and then define angular measure.  We finally introduce calculus in order to define area, volume, arclength, surface area, and solid angles.
